We present a semiclassical method to determine the spectral density in the continuum region of general mixed-dynamical systems without restriction to asymptotically vanishing potentials. The spectral density is written in terms of the complex eigenvalues corresponding to the resonances and approximated semiclassically by a trace formula in terms of classical periodic orbits. Applying our method to the wellknown two-dimensional Hénon-Heiles system, we find that the inclusion of unstable as well as stable, but real periodic orbits is sufficient to reproduce the coarse-grained quantum-mechanical results with high accuracy.
Understanding the way in which scattering resonances modify the density of states in the continuum range of a quantum-mechanical system has been a challenging problem since the early days of quantum mechanics [1] . Processes involving quantum resonances are ubiquitous in nature and technology [2] . For example, they contribute to the conductance fluctuations in transport phenomena [3] .
Numerous studies have shown that resonance spectra can, at least by parts, be described semiclassically using either the closed or the periodic orbits of the underlying classical system. Besides efforts which were limited to fully chaotic systems [4, 5] , recent interest focuses on general systems with mixed phase-space dynamics [6] including potentials which do not vanish asymptotically [7, 8] . For a complete treatment of such systems the inclusion of stable orbits as well as their bifurcations can be expected to be essential.
In the present paper we introduce a method to determine the distribution of quantummechanical resonances for arbitrary potentials, without restricting ourselves to spherical systems or potentials which go to a constant value at infinity. We apply our method to the Hénon-Heiles Hamiltonian whose classical counterpart is known as a paradigm for a twodimensional mixed system [9, 10, 11] . It has been used as a relevant model for various physical systems of different nature [9, 12, 13, 14] . After having determined its quantum-mechanical resonances, we show that the oscillating part of its density of states in the continuum can be approximated very well by a semiclassical trace formula involving unstable as well as stable real periodic orbits.
Let us consider a spin s = 1/2 particle scattered by a spherically symmetric one-body potential V (r) < 0 with V (r → ∞) = 0. The density of states of the free system in the continuum region E > 0, g f ree (E) ∝ √ E θ(E), is modified through the scattering resonances by a contribution [1] ∆g res (E) = 1
Here l and j are the quantum numbers of the orbital and total angular momentum, respectively, and δ lj (E) is the (elastic) scattering phase shift of the l-th partial wave coupled to j.
By definition, resonances occur at those energies E lj where the phase shift takes the value δ lj (E lj ) = π/2. Expanding the phase shift around the resonance energy one obtains
where Γ lj is the width of the resonance, related to its life time τ lj by Γ lj =h/τ lj . Inserting (2) into (1), keeping only the leading term, leads to
In the region E < 0, where the potential has only discrete eigenvalues ǫ nlj (with a radial quantum number n), the density of states is given by the sum of Dirac delta functions, so that the total density of states for the system is given by
For a general potential V (r) without spherical symmetry, it may become difficult to calculate the scattering phase shifts. Furthermore, if the potential has a continuous spectrum above some threshold energy E th , but V (r) does not reach E th asymptotically for r → ∞ (such as the two-dimensional Hénon-Heiles potential considered below), there are in general no free plane-wave solutions for E > E th and the phase shifts cannot be defined. Nevertheless, there are ways to calculate complex resonance energies E * m = E m − iΓ m /2 which appear as poles of the Green function in the complex energy plane E * with ℜeE * > E th . Here we use one global quantum number m, which in the case of spherical symmetry corresponds to the pair (l, j), to characterize the resonances.
One convenient way to obtain the resonances without requiring the knowledge of phase shifts is given by the method of complex rotation [15, 16, 17, 18] . Here one solves the scaled Schrödinger equation
whereŜ is the similarity transformation (or complex rotation)
which multiplies each spatial coordinate of an analytical function f (r) by a complex exponential with real phase θ. Application of this transformation to a resonance wavefunction φ res m (r) turns it into a square-integrable function which can be expanded in Hilbert space [18] . For systems with asymptotically free states, the energies E > E th of all nonresonant continuum states are mapped (or rotated in the complex plane) onto the line (E − E th ) exp(−2iθ), whereas the poles at E * m = E m − iΓ m /2 corresponding to the resonant states remain independent of θ, provided that this angle is large enough to "uncover" the poles, i.e., 2θ > arctan[Γ m /2(E m − E th )]. Practical experience shows [19] that θ-independent poles can also be found if the non-resonant continuum states are not asymptotically free, although this has not been proven rigorously. Note that the discrete eigenenergies in the bound region E < E th are also obtained by the complex rotation method; they stay on the real energy axis with E < E th and have zero imaginary parts.
Having determined the energies E * m = E m − iΓ m /2 (including the bound spectrum with Γ m = 0), their contribution to the density of states is given by
consistent with (3). Since the Lorentzians on the r.h.s. of (7) go over into delta functions for Γ m → 0, the contribution of the discrete spectrum is automatically included in (7). We now want to investigate the density of states of the two-dimensional Hénon-Heiles (HH) Hamiltonian
This
Hamiltonian describes an open system in which a particle can escape by direct transmission over -or by tunneling through -one of three barriers of identical height E bar = 1/6α 2 . However, since the potential goes asymptotically to −∞ like −r 3 (with r 2 = x 2 + y 2 ) in some regions of space, the system has no discrete eigenstates, and we must put E th = −∞. For sufficiently small values of the nonlinearity parameter α, there are quasi-bound states below the three barriers, but they have finite widths due to tunneling.
To solve the complex Schrödinger equation (5) for the system (8), we diagonalize it in the basis {|nm } of the two-dimensional isotropic harmonic oscillator. This leads to the eigenvalue problem for the complex non-Hermitian matrix
The matrices T n ′ m ′ nm , (V HO ) n ′ m ′ nm and (V HH ) n ′ m ′ nm are the real matrices of the kinetic, harmonic and cubic parts of (8), respectively, for θ = 0. Scaling each coordinate with the factor 1/α causes the Hamiltonian (8) to depend only on the scaled energy e = E/E bar = 6α 2 E; the barrier energy then lies at e bar = 1. In figure 1 the complex resonance spectrum of the HH system (8) is shown for α = 0.1. (We only give the spectrum above the minimum of the classically bound region, located at E = 0.) Due to the truncation of the basis in Hilbert space it is known [17] that the poles in the complex energy plane slightly depend on the rotation angle θ; their optimal values are then found as stationary points (or plateau values) with respect to θ. Using the sparse property of the Hamiltonian matrix (9), we could determine plateau values of the resonances with an accuracy of 6 digits over an interval in θ of about 10 degrees, as is indicated by the example in the inset of figure 1. Note that the imaginary parts of the quasi-bound states for e < 1 are exponentially small except very near the barriers. For the states slightly above the barriers a semiclassical prediction of the imaginary parts was given in [20] , which is in good agreement with our numerical results. The quasi-regular pattern observed in the region e > 1, where some of the resonances lie on almost parallel "rays" in the complex energy plane, is a reminiscence of the separable system that is obtained if one neglects the coupling term αx 2 y in (8) (see Ref. [21] for the density of states of the corresponding integrable system).
The main purpose of our letter is to establish the classical-to-quantum correspondence by approximating the density of states (7) by a semiclassical trace formula [22] . To this purpose, two steps have to be taken. (i) Since semiclassical trace formulae of non-integrable systems generally do not converge [23] , we perform a slight Gaussian averaging of the energy spectrum over an energy range γ. This coarse graining of the spectrum leads to convergence of the periodic orbit sum and, at the same time, emphasizes the gross-shell structure in the level density [24] . Convolution of (7) by a normalized Gaussian can be done analytically [25] and leads to the coarse-grained density of states g γ (E) (to simplify the notation we henceforth omit the symbol ∆)
with
Here erfc (z) is the complementary complex error function and w(z) is readily given in most algebra systems and program libraries. For the discrete states, we obtain a sum of Gaussians since
(ii) As usual, we only want to study the oscillating part δg γ (E) of the total density of states, writing it as
where g f ree in the present two-dimensional system is a constant. The function g(E) is the smoothly varying (i.e., non-periodic) part of (7) [or (10)] which usually is obtained from the (extended) Thomas-Fermi (ETF) model [24] . In the present HH system, however, we have the problem that the ETF level density cannot be defined for the HH system at e > 1 where it is open. We therefore have to resort to the numerical Strutinsky averaging [26] , which is equivalent to the ETF model where the latter can be used [24] . As shown in [27] , the Strutinsky averaging corresponds to approximating the true average part of the density of states near the energy E by a polynomial of given power 2s (i.e., a truncated Taylor expansion) with s = 1, 2, . . . Practically it is obtained by convolution of the density of states with a Gaussian of width γ, modified by a suitable linear combination of Hermite polynomials up to order 2s. The resulting smoothing function can be compactly written as [28] 
where L 1/2 s is an associated Laguerre polynomial. The average part of (7) is then obtained by the convolution
Ideally, the results obtained in this way will not depend on s and γ, provided that γ is chosen to be larger than the characteristic energy spacing of the main shells in the spectrum and s is large enough. As shown in [26, 27] , this is indeed the case if the true average (ETF) density of states is a polynomial of order ≤ 2s. Practically, one has to look for stationary values of the results as functions of both γ and s, fulfilling the so-called "plateau condition" [27] . The integral in (14), with ∆g(E) given by (7), can be calculated analytically using
with k = 0, 2, . . . , 2s, separately for each term of the Laguerre polynomial in (13). In Fig. 2 we show the plateaux in g(E) obtained by varying γ and the polynomial order s at the fixed energy e = 1.5. One can see that the stationary condition is reasonably well fulfilled for γ ≈ 2.2, independently of s > 2. Plateaux of this quality have been obtained for the spectra of finite-depth Woods-Saxon potentials appropriate for nuclear physics [29] , and the plateau values have been shown to be identical with the ETF values of the averaged quantitities within their numerical accuracies.
Having determined the optimal plateau values at all energies of interest, the quantummechanical value of δg γ (E) is given by
In the present HH system, the smooth function g (E) varies rather abruptly near e = 1 on a scale comparable to the oscillations of δg γ (E), so that the optimal plateau is not easily determined and there remains a small numerical uncertainty for e ∼ > 1. This uncertainty can be expected to decrease with smaller coarse-graining widths γ.
Next we want to construct the semiclassical approximation of δg γ (E) in the form of Gutzwiller's trace formula for isolated orbits [22] 
modified by the exponential factor which is the result of the energy coarse-graining over the range γ. The sum goes over all isolated periodic orbits labeled by ξ, and the other quantities in (17) are, as usual, the periods and actions T ξ and S ξ , respectively, the Maslov indices σ ξ and the repetition numbers r ξ of the periodic orbits. M ξ (E) is the stability matrix which is obtained from a linearisation of the equations of motion along the periodic orbit. Due to the coarse-graining with γ, orbits with longer periods are exponentially suppressed. The shortest periodic orbits ξ of the classical HH system (8) were calculated using a numerical Newton-Raphson algorithm [30] . They have already been extensively studied in earlier papers [31, 32, 33] . We use here the nomenclature introduced in [33] , where the Maslov indices σ ξ appear as subscripts in the symbols (B 4 , R 5 , L 6 , etc.) of the orbits. The Maslov indices were obtained using the method developed in [34] (see [24] for practical recipes). Hamiltonian. The dotted arrows correspond to period-doubling bifurcations. Fig. 3 shows the periods of the shortest periodic orbits as functions of the scaled energy e of the system up to twice the barrier energy. One can see that there are many periodic orbits existing even above the barrier energy where the particle has enough energy to escape from the bound region. (Actually, there is an infinite number of orbits of type R and L -only the four shortest of which are shown here -born from the saddle-line orbit A in a cascade of bifurcations cumulating at e = 1 [32, 33] . They exist at all energies e but become very unstable at high energies.)
Here we will concentrate on the density of states obtained above the barriers, i.e., for e ≥ 1. For semiclassical calculations for e < 1, we refer to earlier papers [21, 35, 36] . The periodic orbits in the region e > 1 are not all unstable. This can be inferred from Fig. 3 for the bifurcation of the orbit D 7 /D 9 near e = 1.179, in which two more orbits F 7 and E 8 are involved. In fact, this scenario represents a sequence of bifurcations corresponding to an unfolding of codimension two. Since the Gutzwiller trace formula (17) diverges at the bifurcation points, suitable uniform approximations must be used. We have applied one of the uniform approximations described in [37] , taking into account also the complex continuations (so-called "ghosts") of the periodic orbits near the bifurcations (see [30] for details). In Fig. 4 we show a comparison between the quantum-mechanical and the semiclassical result for the quantity δg γ (E) in the energy region 1 ≤ e ≤ 2. The agreement is seen to be perfect, apart from the region just above e = 1; the small discrepancies seen there are due to the plateau uncertainties in the Strutinsky averaging mentioned above. Two points are worth mentioning here. First, we emphasize that the inclusion of the stable orbits is indispensible for reproducing the quantum oscillations; a summation only over unstable orbits would not give satisfactory results. Second, it is remarkable that it appears to be sufficient to include only real periodic orbits, although the quantum-mechanical result is strongly affected by the imaginary parts (i.e., the widths) of the resonance energies. (The fact that complex "ghost orbits" have to be used near the bifurcations, in order to obtain the uniform approximations, has no bearing on the above remark. This has to be done also when bifurcations occur in bound regions with discrete spectra; see, e.g., Ref. [21] .)
In summary, we have presented a method to determine the density of states in a system with continuous energy spectrum, which does not possess asymptotically free scattering states and thus does not allow for the calculation of scattering phase shifts. We have investigated the oscillating part of the coarse-grained density of states and compared the quantum-mechanical results with those obtained from the semiclassical trace formula including the shortest stable and unstable real periodic orbits of the classical system. The agreement is excellent except near the barrier energy, e ∼ > 1, where it is difficult to extract a unique averge part of the density of states using the numerical Strutinsky averaging procedure. The fact that the coarse-grained quantum density of states in the continuum, which is strongly affected by the widths of the resonances, can be approximated so well by a semiclassical trace formula using only the shortest real periodic orbits makes the latter a very economic tool for prediciting quantum oscillations also in continuum regions.
